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Tue JOoURNAL OoF SyMBoLIic LocIc
Volume 30, Number 1, March 1965

TRIAL AND ERROR PREDICATES AND THE SOLUTION TO A
PROBLEM OF MOSTOWSKI*

HILARY PUTNAM

§ 1. Introduction. The purpose of this paper is to present two groups
of results which have turned out to have a surprisingly close interconnection.
The first two results (Theorems 1 and 2) were inspired by the following
question: we know what sets are “decidable” — namely, the recursive sets
(according to Church’s Thesis). But what happens if we modify the notion
of a decision procedure by (1) allowing the procedure to “‘change its mind”
any finite number of times (in terms of Turing Machines: we visualize the
machine as being given an integer (or an n-tuple of integers) as input.
The machine then “prints out” a finite sequence of “yesses’”” and “nos”.
The last “yes” or ‘“no” is always to be the correct answer.); and (2) we give
up the requirement that it be possible to tell (effectively) if the compu-
tation has terminated? I.e., if the machine has most recently printed “yes”,
then we know that the integer put in as input must be in the set unless the
machine is going to change its mind; but we have no procedure for telling
whether the machine will change its mind or not.

The sets for which there exist decision procedures in this widened sense
are decidable by “‘empirical” means — for, if we always “posit” that the
most recently generated answer is correct, we will make a finite number of
mistakes, but we will eventually get the correct answer. (Note, however,
that even if we have gotten to the correct answer (the end of the finite
sequence) we are never sure that we have the correct answer.)

Instead of requiring that the sequence of “yesses” and “nos” be finite
and non-empty, we may require that it should always be infinite, but that
it should consist entirely of “yesses” (or entirely of “nos”) from a certain
point on: the class of predicates obtained (which we call the class of “trial
and error” predicates), is easily seen to be unchanged.! We thus arrive at
the following reformulation of our first question: first define

DEFINITION. P is a #rial and errvor predicate if and only if there is a g.r.

(general recursive) function f such that (for every x1, %2, ..., %)
P(x1, %2, ..., xp) = lim f(x1, %2, ..., %5, y) = 1,
y—>00
13(x1, X2, ..., Xp) = lim f(x1, %2, ..., %n, y) =0,
y—>00

Received November 25, 1963.

* This work was supported in part by the U.S. Army, the Air Force Office of
Scientific Research, and the Office of Naval Research.

1 For going from a finite sequence to an infinite sequence (with repetitions) ci.
the last paragraph of the proof of Theorem 3, below. Going in the other direction it
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50 HILARY PUTNAM

where

lim f(x1, %2, ..., %0, ¥) = & =ar (Ey)(2)(z=y D f(x1, %2, ..., %, 2) = R).

Yoo

It is obvious that a trial and error predicate is always arithmetical.
How non-constructive can such a predicate be? In other words

Question 1: What are necessary and sufficient conditions (in terms of the
Kleene-Mostowski Hierarchy of arithmetical predicates) that P be a trial
and error predicate?

It is obviously better if we know, not just that P is a trial and error
predicate, but that (by using a suitable program) we can keep our machine
from ever having to change its mind more than % times (for some fixed %,
independent of the particular xy, %2, ..., ¥, about which we are asking —
i.e., & is independent of the input). To make this precise, call a predicate P
a k-trial predicate if there is a g.r. function f and a fixed integer %2 such
that? (for all xy, g, ..., %4)

(1) Py, ..., %n) =lm f(x1, %2, ..., %0,9) =1,

y—>00
(2) There are at most k integers y such that
fx1, %2, « .., X0, ¥) # f(x1, X2, - .o, %, YF-1).

Since a k-trial predicate is obviously arithmetical, we are led to ask
how non-constructive such a predicate can be, i.e.,

Question 2: What are necessary and sufficient conditions that there exist
a k such that P is a k-trial predicate?

Our second group of results is connected with the meta-theory of quanti-
fication theory (without identity). A number of years ago, Mostowski3
reported on his unsuccessful attempts to find a consistent formula of
quantification theory with no model in the “‘smallest field of sets containing
the recursively enumerable sets”. Since ‘“‘set” here means set of n-tuples,
what Mostowski wanted is, in our terminology, a formula with no model
in which (1) the universe of discourse is the natural numbers; and (2) the
predicate letters are all interpreted as r.e. (recursively enumerable) predi-
cates, or truth functions (i.e. Boolean combinations) of r.e. predicates.

The main result of § 3 is: a formula of this kind (the kind wanted by
Mostowski) does not exist. Every consistent formula of quantification theory

suffices to instruct the machine that it is to ““print out” an answer only when it is
different from the previous answer.

2 Note that we do not require the function f to be such that P(x1, ..., #5) =
lim f(x1, ..., #s,¥) = 0 — however, this condition may also be satisfied as well,
y—>00
by replacing the given function f by f*, where f*(#¥1, ..., ¥n, ¥) = 1 if f(x1, ..., ¥n, )
=1 and f*(#1, ..., #a, ¥) = O otherwise.

3 Cf. [3].
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does have a model in X;*.4 (This result applies only to quantification theory
without identity.) The proof uses Theorems 1 and 2, which are the answers
to Questions 1 and 2, and the Hilbert-Bernays-Kleene result5 that every
consistent formula of quantification theory has a model in ZaNIIz. In
1957 1 gave an example of a consistent formula of quantification theory
with no model in which all the predicates belong to X;UII; (answering
another question of Mostowski).6

§ 2. Characterization theorems.

THEOREM 1. P is a trial and ervor predicate if and only if P e ZaNlla.

ProOF. Suppose P is a trial and error predicate. (I shall give the proof
for a one-place predicate. The case of an n-place predicate is exactly the

[XPRE]

same except that “xj, %2, ..., %, has to be put for “x” throughout.)
Then by the definition (cf. § 1), there is a g.r. function f such that for
every x:

P(x) =1lim f(x,y) =1

Y—>0

P(x) = lim f(x, y) = O.

Yy—>0

Now we observe that since f must approach either O or 1,

(1) P(x) =lim f(x,y) = 1 implies that
Yy—>00

(2) P(x) = 0)(Ez2)(f(x,y) # 1D (z>y & flx, 2) = 1)).

Thus P e IT2, and by (1) we have P e X, since the predicate “lim f(x,y) = 1"
is in Za. Yoo
To prove the other half of the theorem, assume

(3) P(x) = (Ea)(b)Ru(x, a, b)
P(x) = (Ea)(®)Ra(x, a, b)

where R; and Rg are recursive.
Let L(x, a, ¢) mean that a is the smallest integer such that

[(EB)<e(Ra(x, a, b) & ~(Eb)<cR1(%, 4, 1)) .v. (Eb) «c(R1(, @, b) &
~(Eb)<cRa(x, a, b))] .&. a<c

4 An expression (Ex)(y)R, where R is a recursive predicate, is called a Zg-expression
here, and (¥)(Ey)R is called a Ils-expression. (Cf. [1], ch. 9; Davis, however, uses
“P” and “Q’” where we use T and II.) We use K* to denote the closure of a class K
of predicates under truth functions. In particular, 3;* is the smallest class of predicates
containing the r.e. predicates and closed under truth-functions.

5 Ci. [2], p. 394, Theorem 35.

6 Cf. [4].



52 HILARY PUTNAM

Define:

4) flxy) =1=(Ea)(L(%, a,y) & (Eb)<yR1(x, a, D))
f(x,y) = 0 otherwise.

f is general recursive, since from the definition of L we can determine
whether or not there is an a such that L(x, 4, y), once we are given x and y
(there is at most one such ). Formally, it suffices to note that 4 must be
less than y for L(x, 4, y) to hold, and that the definition of L contains
only bounded quantifiers.

Let P(x) be true, and let a be the least a such that for every & Ry(x, a4, b)
holds. Since P(x) is true, there is for every a4’ at least one & such that
ﬁz(x, a’, b); and since a is least, there is also for every 4’ < a at least one
b such that ﬁl(x, a’, b). There will thus be 24 numbers by, bo, ..., bg—1, bh—1
such that Ri(x, 0, o), Ra(x, 0, bY), ..., Ru(x, a—1, bg—1), Ra(x, a—1, bj_1).
Taking y sufficiently large so that each of these 24 numbers is less than y,
a <y, we see that L(x, a’, y) does not hold for a’ < a. And if y is also
bigger than the least & such that ﬁg(x, a, b), then, checking the definition,
we see that L(x, 4, y) holds. Thus, if P(x) is true, for sufficiently large y
we will have f(x,y) = 1; and in a similar way we can show that if P(x) is
false, then for sufficiently large values of y we will have both L(x, a, y),
where a is the smallest integer such that (b)Rz(x, 4, b), and f(x,y) = O.
This completes the proof of the theorem.

THEOREM 2. There exists a k such that P is a k-trial predicate if and only
if P belongs to 1%, the smallest class containing the recursively enumerable
predicates and closed under truth-functions.

Proor. Suppose P is a k-trial predicate. Then by the definition (cf. § 1)
there is a g.r. function f such that

(1) P(x) =limf(x,y) = 1
y—>o0
(2) there are at most k integers v, for each x, such that f(x, y) # f(x, y+1).
(Attention is confined to one-place predicates P, for simplicity.)

Now define Yy(x) (for 2 = 1,2, ..., k) as meaning that there are at
least ¢ integers y such that f(x, y) # f(x, y+1) & f(x, a;+1) = 1, where a;
is the ¢th integer y, in order of magnitude, such that f(x, y) # f(x, y+1);
and define N;(x) as meaning that there are at least 7 integers y such that
flx, v) # f(x, y+1) & f(x, a;+1) # 1. Finally, define Yo(x) as meaning that
f(x,0) = 1 and No(#) as meaning that f(x, 0) 5= 1. Then all the predicates
Y; and Nj; are recursively enumerable, and we have:

P) = Yi(x) v (Yi-1(%) &ﬁk(x)) v (Yr—2(x) &ITIk_l(x)) v...v (Yo(¥) & Ny(x)).
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In proving the other half of the theorem, we will again confine attention
to one-place predicates (or sets), since the x-place case introduces no
additional ideas. Let P € ¥1*. Then

P= (A’l—Bl) U (Az——Bz) u...uU (An—Bn) for some 7

where the A; and B; are r.e. Following Kleene [2], let T(e, %, y) mean that
y is the number of a computation that the number x belongs to the r.e. set
with godel number e. We define f(x, y) as follows (where ay, ..., an and
b1, ..., by are godel numbers of Ay, ..., Ay and By, ..., By);

f(x,y) =1 if there are ¢ < n, ¢ <y such that (T(as, %, ¢) & (e)<yT(bi, x,¢))
f(x,y) = O otherwise.

Then f has the properties (1) and (2) (taking & = 2#), as is easily verified.

§ 3. Applications to logic.

THEOREM 3. Every consistent formula of quantification theory without
identity has a model in X1*.

Proor. If A contains m predicate letters P;, each of which is at most
n-place, we construct an A’ which is obviously satisfiable if and only if A is,
and which has a single #-1-place predicate letter and  distinct individual
constants by replacing Py(x1, ..., %) (1 =7 <n) by P(x1, ..., %, a4, - .., )
(with #»+1 argument places).

Suppose A’ has a model in Z;*. Then the predicates P; defined as follows:

P1(x1, vy xh) =qt P(#1, ..., Xpr By v o oy ai)

Pn(x1, ..., %,) =at P(x1, ..., %, @ms - - -, am)

are also in X;*. Hence it suffices to show that if A’ is consistent then A’
has a model in Z;*; it will then automatically follow that if A is consistent
then A has a model in X*;.

Finally, A’ has a model in ¥,* if and only if its existential quantification
with respect to a4, ..., ap has a model in X;*. Hence the theorem reduces
to the following Lemma.:

LEMMA. Every consistent formula of quantification theory (without identity)
with one predicate letter and no individual constants has a model in Z1*.

To prove this we start with a model in ZsNII; (every consistent formula
has such a model, by Theorem 35 of [2], p. 394), and modify it so as to
obtain a model in Z1*. Accordingly, let P be the sole predicate letter in A,
and let A be true when P is interpreted as standing for the predicate F,
where F € Z3NIl;. By Theorem 1, there is a general recursive function
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f(®1, ..., %n, y) such that
F(xy, ..., %) =lm f(x1, ..., %, y) = 1

Y—>00
F(xy, ..., %) =limf(%1, ..., %s,9) =0

)

We define sets of integers R(7) as follows:?
if ¢ #0, R(?) = {J(b, )} where b is the smallest integer such that for all
Xl oo X, Y, (>0 & %1, o, Xa S f(H1, .., X, Y) = f(X1, .., %, D))
(i.e., b is a “modulus of convergence” of f, for x1, ..., x, <3).

We take R(0) as the set of all integers not belonging to any set R(i),
1 #0.

It is easily proved that the sets R(s) are all disjoint and non-empty.
(Towards disjointness, use the fact that J(a, b) = J(c, d) implies that
b = d; and towards non-emptiness observe that for any &, J(%, 0) € R(0).)
And by the definition of R(0) every integer is in one of the sets R(:). Thus
R-1 maps the set of integers many-one onfo the set of integers. A predicate
of integers and its inverse image under any function mapping the set of
integers onto the set of integers satisfy the same sentences of logic without
identity. Hence A is true when P is interpreted as standing for the predicate
G which we define as follows:

G, ..o, %0) = (Eyy, o, ¥2)Fyn, .., yn) &x1eR(y1) & . ... & xn e R(yn)).

It only remains to prove that G e Z,*.

To prove that G e Z;*, observe that for any integer x, there are only
two possibilities: x € R(0), and x e R(L(x)). Hence for any » integers
%1, ..., %5, there are just 27 possible cases:

1) #x,...,24 € R(0)
2) %1, ..., %51 € R(0), x4 € R(L(%p))

27) %1€ R(L(xl)),.- .+ %n € R(L(%n))

Moreover, the truth value of G(xy, ..., x4) (or G(X), as we shall hence-
forth write for short) on the assumption that any given case holds can be
effectively determined: for instance, the truth value of G(X) on the as-
sumption that case 1) holds is that of F(0, O, ..., 0) (which we will assume
given); while if, say, case 2#—1) holds, the truth value of G(X) is that of
F(L(x1), ..., L(*n-1), 0). In this case we simply find the largest of the
numbers L(x1), ..., L(#g—1). Suppose it is L(x;). Then G(X) is true if
f(L(x1), ..., L(%n-1), 0, K(#5)) = 1, and false otherwise. And similarly
with all the other cases.

7 Here J, K, L are the standard pairing and inverse-pairing functions (see [1],
pp. 43-45).
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We can now write down a series of zeros and ones which will terminate
in 1 if G(X) is true and in 0 if G(X) is false, as follows:

Compute the truth value of G(X) according to the assumption that case
27 holds, and hence x; € R(L(xy)), where L(x) is the largest of the numbers
L(x;), and put down 1 as our “first trial answer” if the value is “truth”
and 0 if the value is “falsity’’. The first trial answer is never revised unless
an integer % is generated such that K(x;) < &, but for some 21, . . ., 2, =L (%),
it is not the case that f(z1, ..., 2n, K(%7)) = f(21, - . ., 2, k). If this ever
happens, then f(z1, ..., 24, y) is not equal to f(z1, - - -, 20, K(%j)) for all
y>K(x)), 21, - - ., 2n=L(%;), and x; € R(0).

If we ever discover that x; € R(0), then we pick the largest of the re-
maining numbers L(x;) and repeat the reasoning to arrive at our next trial
answer. (If L(xy) is the largest of the remaining numbers L(x;), we can
determine the truth value of G(X) on the assumption that %y € R(L(xy)),
because we now know that x; € R(0), and so it suffices to know the truth
value of F(z1, ..., zy) for 21, ..., 2, <L(%y) to compute that of G(X).)

Proceeding in this way, we cannot change our trial answer more than »
times (since, except for the trial answer corresponding to case 1), a trial
answer is put down only when it is assumed that x; e R(L(%;)) for some 7;
and such an assumption is either retained forever — in which case it is
correct — or abandoned at some time and never subsequently reinstated).

Let the above procedure for putting down trial answers be mechanized,
and program the Turing machine so that at any stage y it repeats the last
number it put down, if no new trial answer is forthcoming at that stage.
Let g(x1, - .., s, y) = the number put down by the machine at the yth
stage. Then g satisfies the conditions listed in Theorem 2, and it follows
that G € 21",

COROLLARY. Every n-place predicate in ZoNIlg has an n-trial predicate
as an inverse image under a suitable function mapping the integers onto the
integers. (This is what was really proved after the Lemma. Theorem 3 is
an immediate consequence of this fact by the discussion preceding the
Lemma. By way of contrast, recall that there exist consistent formulas
with one predicate letter with no model in 2;UII;. Thus it is nof true that
every n-place predicate in ZoNIIp has an inverse image in X;UII;, even
if we allow arbitrary functions mapping the integers onto the integers.)

Hitherto we have considefed models in which the domain (the range of
the individual variables) was the set of all non-fiegative integers. For
models of this kind, Theorem 3 is false for predicate calculus with identity,
since there are even consistent formulas with no infinite model at all. If we
generalize slightly, by allowing the domain to be any recursive set, then
the question whether Theorem 3 extends also to predicate calculus with
identity remains open. We are, however, able to prove:
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THEOREM 4. Every consistent formula of predicate calculus with identity
has a recursive model with a 11 domain.

Proor. In the foregoing proof, it suffices to modify the definition of
R(0) by taking R(0) = J(b, 0), where & is the smallest integer such that
for all y>b, fO,...,0,%) =0, ...,0,0). Let S= UR(). Since the
mapping g

1 <> any member of R()

is now one-one (because R(Z) is now a singleton, for all i), it follows that
<S, G is a model for A in predicate calculus with identity, where G is defined
as in the preceding proof. Define G* as follows: G*(xy, ..., x,) is true if
and only if the truth value of G(xy, ..., %) is “truth” on the assumption
that case 2) holds (we showed above that this could be effectively determi-
ned). Then G* is a recursive predicate (we make free use of Church’s Thesis;
however it is straightforward to eliminate it by the techniques of [2]), and
G* agrees with G whenever case 2%) holds; hence, whenever all the argu-
ments € S. Thus <S, G*> is also a model for A.

It remains only to show that S is a II; set (i.e., S has a recursively
enumerable complement). To do this, we observe that S can be defined as
follows:

S={JG))sp(1) .- (20) (21, - - 20 ST =>F(21, - - o 20,Y) = (21, + « -, 20,0)) &
(®)<o((z1) - - - (zn) (21, - - 20 ST =>f(21, -+ o 20, B) = f(21, .+ . -, Zas b)) =
(Eb")<o(E21) ;- - - (E2n) <i(f(21, « - o, 20, 0") £ (21, - - ., 20, 0") & b'<<D"))}.

(To verify this, note that if 4 is the smallest modulus of convergence of f,
for arguments bounded by 7, then for every &’ smaller than 4 and such
that f(z1, ..., 2s, 8) = f(21, - . ., 2n, b’) When the 2’s are bounded by 7, there
must be a b” “between” b and 4" on which f(z1, ..., 25, 8”) fails to equal
f(21, ..., 25,.0") for some 2’s bounded by 7; for otherwise b’ would already
be a modulus of convergence for arguments bounded by 7, and smaller
than the least modulus of convergence, which is a contradiction.)

It is well known that ZaNII; is the class of predicates of degree of un-
solvability < 0’ (i.e., the class of predicates Turing reducible to K, where
K is any complete r.e. set). Thus our Theorem 1 states that the trial and
error predicates are exactly the ones of degree < 0’. This fact makes it
very easy to give informal proofs of the existence of predicates of degree
< 0’ satisfying various conditions, just as Church’s Thesis makes it easy
to give informal proofs of the existence of recursive and r.e. predicates
satisfying various conditions.

** The following theorem (unpublished) is due to Hartley Rogers, Jr.:

** Added August 24, 1964.
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THEOREM. For any set A, let B(A) be the smallest class containing all
sets mawy-one reducible to A, and closed under truth functions. Then B(A)
contains exactly those sets which are reducible to A by bounded truth tables.

Thus our Z;* is the class of all sets reducible to K by bounded truth
tables (where K is, again, any complete r.e. set). Hartley Rogers, Jr. has
noted, after reading the present paper, that our proof of Theorem 3 can
be modified to yield a construction which shows that for any A, if A is
Turing reducible to K, then there exists an f and a C such that f(C) = A,
#(C) = A, and C is reducible to K by bounded truth tables. Thus our
logical result can be obtained in a way which uses only the notions of
Post’s 1944 paper, without the introduction of trial and error predicates
and k-trial predicates. It seems to us, however, that the “modulus of
convergence” idea, used in the proof-of Theorem 3, is very easily understood
when presented, as here, in terms of the ideas of t7ial and error and k-trial.
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